Abstract. We classify nonsingular holomorphic foliations of dimension and codimension one on certain Hopf manifolds. More general, we prove that all nonsingular codimension one distributions on intermediary or generic Hopf manifolds are integrable and has holomorphic integral first. Also, we prove some results about singular holomorphic distributions on Hopf manifolds.
Introduction and statement of results
Let W = C n − {0}, n ≥ 2, and f (z 1 , z 2 , ..., z n ) = (µ 1 z 1 , µ 2 z 2 , ..., µ n z n ) be a diagonal contraction in C n , where 0 < |µ i | < 1 for all 1 ≤ i ≤ n. The space quotient X = W/ < f > is a compact, complex manifold of dimension n called of Hopf manifold. These manifolds was introduced and studied by Heinz Hopf in [10] . It is well-known that X is diffeomorphic to S 2n−1 × S 1 , where S k denote the real sphere k-dimensional. For n ≥ 2, it is non-Kähler, because the first cohomology group of X is odd-dimensional and by the Hodge decomposition, the odd cohomology of a compact Kähler manifold are always even-dimensional.
The classification of Hopf surfaces was given by Kodaria [13] . We remark that the classification of Hopf manifolds of dimension arbitrary remains open. On the other hand, problems on complex geometry and topology on Hopf manifolds have been studied by several authors, see for instance, Dabrowski [6] , Haefliger [9] , Ise, [11] , etc.
In this paper, we are interested in the study of holomorphic foliations on Hopf manifolds. We will see that different to case of complex projective spaces, Hopf manifolds admits holomorphic foliations without singularities. In [15] , using the Kodaira's classification of Hopf surfaces, Daniel Mall obtained the classification of nonsingular holomorphic foliations on Hopf surfaces. Motivated by this, we address the problem of classify nonsingular holomorphic foliations on dimension and codimension one on Hopf manifolds of dimension at least three.
Let us give the precise statement of these results. Let f : C n → C n be a contraction defined by f (z 1 , . . . , z n ) = (µ 1 z 1 , . . . , µ n z n ), where 0 < |µ 1 | ≤ |µ 2 | ≤ . . . ≤ |µ n | < 1 and consider X = W/ < f > the Hopf manifold as above. We will consider the following types of Hopf manifolds. A line bundle L on X is the quotient of W × C the trivial line bundle on the universal covering of X, by the operation of a representation of the fundamental group
in the following way
We write L = L b for the bundle induced by the representation ̺ L (γ) with b = ̺ L (γ) (1) . We prove the following theorem. 
where g i are homogeneous polynomial of the same degree m + 1, for all
We have the table (1) . Table 1 . X is generic (iii) If X is intermediary, then b ∈ {1, µ 1 , µ r+1 , µ r+2 , . . . , µ n }. We have the table (2) In the special case where X is a generic Hopf manifold, we have a more strong result. Table 2 . X is intermediary Definition 1.4. Let X = W/ < f > be a Hopf manifold, where f (z 1 , . . . , z n ) = (µ 1 z 1 , . . . , µ n z n ) is a contraction of C n , and F a nonsingular one-dimensional holomorphic foliation on X given by a morphism T F = L b → T X. We say that F is constant if b = µ i for some i = 1, . . . , n, linear if b = 1, and polynomial in otherwise.
is surjective and moreover notice that the fibers of α are elliptic curves C * / < f >⊂ X.
It is follows from [15] that a nonsingular holomorphic foliation on a Hopf surface has at least a compact leaf. The next result is a generalization of this fact, but only in the case of classical, intermediary or generic Hopf manifolds. Corollary 1.6. Let X be a Hopf manifold, dim(X) ≥ 3, and F be a nonsingular one-dimensional foliation in X. Then F has a compact leaf. Moreover, if X is classical and F is a generic foliation with tangent bundle
Proof. The proof will be divided into three parts:
Polynomial foliations. By Theorem 1.2, there are polynomials foliation only in the classical case. Let F be a polynomial foliation on X. By Theorem 1.2 the foliation F is induced by a polynomial vector field v = n i=1 g i ∂ ∂zi on W . Let α : X → P n−1 as in Remark 1.5 and z = [z 1 , . . . , z n ] ∈ X. The fiber α −1 (z) is contained on a leaf of the foliation, if and only if,
Now, consider the algebraic map ϕ : P n−1 → P n−1 defined by
This map always has fixed points (cf. [1] , pg 459). That is, there exists a point z = (z 1 : . . . : z n ) ∈ P n−1 , such that
Thus the fiber of α −1 (z) is a compact leaf of the foliation. As we saw above, the number of compact leaves of a generic polynomial vector field can be calculated by the number of fixed points of the correspondent polynomial map. This follows from [7, Proposition 4] .
Constant foliations.
A constant foliation is induced by a vector field v = ∂ ∂zi for some j = 1, . . . , n, on W . The leaves of this foliation in W are an axis minus the origin, and planes parallel to this axis. Thus constant foliations in X has compact leaves.
Linear foliations. By Theorem 1.2, linear foliations are induced by a vector field of the form
where g i is linear polynomial, 1 ≤ i ≤ n. The vector field v is complete in C n , and the orbit of a point z ∈ C n − {0} is diffeomorphic to C * (cf. [17] , pg 23). Therefore, the foliation on X has compact leaves. Now, we present some results on codimension-one holomorphic distributions on Hopf manifolds. 
where g i are homogeneous polynomial of the same degree m − 1, for all Table 3 . X is intermediary
Note that Theorem 1.7 implies that a distribution F on an intermediary or generic Hopf manifold is induced by closed 1-form ω in C n − {0}. In particular, this implies that F is integrable. We state it as follows. 
Proof. Assume that F is induced by the 1-form ω on C n − {0}. If X is an intermediary or generic Hopf manifold, Theorem 1.7 implies that ω = dT , where T is a linear function and the proof ends. Now if X is classical, applying Theorem 1.7, we get ω = g 1 dz 1 + · · · + g n dz n , where g i are homogeneous polynomial of the same degree m − 1, for all 1 ≤ i ≤ n with {g 1 = · · · = g n = 0} = {0}. As n ≥ 3 and ω has an isolated singularity at 0 ∈ C n , we can apply MalgrangeFrobenius theorem [16] to find ϕ and ψ two homogenous polynomials such that ω = ψdϕ, where ψ(0) = 0.
We remark that E. Ghys [8] classified nonsingular codimension-one foliation on classical Hopf manifolds. Since the techniques used in the proof of our result is different from the proof given by Ghys, Theorem 1.7 item (i) joint Corollary 1.10 extends the theorem of Ghys. Moreover, in this work we are not supposing that the distributions are integrable. Now, in the special case of generic Hopf manifolds we have a more strong result.
Theorem 1.11. Any codimension-one holomorphic distribution (possibly singular) on a generic Hopf manifold of dimension at least three is integrable and induced by a monomial 1-form.
Finally we state some results about singular holomorphic distributions on Hopf manifolds.
Theorem 1.12. Let X be a Hopf manifold and F be a holomorphic distribution of dimension or codimension one on X with
To prove Theorem 1.12, we will use Residues theorems of Baum-Bott type (cf. [2] and [12] ). Note that when n = 2, the above result implies that there are not singular holomorphic foliations on X. Hence the classification of holomorphic foliations due by Mall [15] is complete.
To continue we focus in codimension-one holomorphic foliations on classical Hopf manifolds. In that context we prove the following alternative.
Theorem 1.13. Let F be a singular codimension-one foliation on a classical Hopf manifold of dimension at least three. Then
• either F has an analytic invariant hypersurface, • or F has one dimensional subfoliation by elliptic curves.
We remark that Theorem 6.2 should be viewed as an analogous version of Brunella -Conjecture. More precisely, Marco Brunella conjectured that a codimensionone holomorphic foliation F on P n , n ≥ 3, satisfy the following alternative: either F has an algebraic invariant hypersurface, or F has one-dimensional subfoliation by algebraic curves. It is follows from [3] that the Brunella's conjecture is true for a generic element of a pencil of foliations on P n , n ≥ 3. On the other hand, it is not known that the previous alternative is always satisfied or if there is other types of foliations on P n . In our context, the Theorem 1.13 shows that the Brunella's conjecture is also true for codimension-one foliations on classical Hopf manifolds.
Hopf Manifolds
is a flat line bundle. Then it is the quotient of W × C the trivial line bundle on the universal covering of X, by the operation of a representation of the fundamental group
We write L b for the bundle induced by the representation ̺ L (γ) with b = ̺ L (γ)(1). It is known (see [14] ) that any line bundle on an Hopf manifold is isomorphic to a unique line bundle L b , b ∈ C * . 
Cohomology of line bundles on
. Therefore we have a exact sequence of Cȇch complexes
. From this we derive the long exact sequence of cohomology
) and H q (W, O) = 0 only for q = 0, n − 1, the above sequence decomposes for n > 2 as follows
Thus we get the following result.
Holomorphic foliations
Let X be a complex manifold.
The Frobenius Theorem ensures that for every point x the vector bundle T F can be locally identified with relative tangent bundle of a germ of smooth fibration f : (X, x) → (C n−k , 0). There is a dual point of view where F is determined by a subvector bundle N * F , of rank n − k, of the cotangent bundle Ω The normal bundle N F of F is defined as the dual of N * F . We have the following exact sequence
The (n − k)-th wedge product of the inclusion N *
⊗ N ) with coefficients in the line bundle N := det(N F ), which is locally decomposable and integrable.
By construction the tangent bundle of a Hopf manifold X is given by
where L αi is the tangent bundle of the foliation induced by the canonical vector field ∂ ∂zi .
One-dimensional holomorphic foliations
The aim of this section is classify one-dimensional holomorphic foliations on classical, generic or intermediary Hopf manifolds. A nonsingular one-dimensional foliation F on a Hopf manifold X is given by a line bundle L := T F on X and an embedding i : T F → T X, where T X denote the tangent bundle of X.
In this situation we have that
where K X is the canonical bundle of X. Let L a be a line bundle on X with a ∈ C * . We will find a condition on a such that dim H 0 (X, T X ⊗ L a ) > 0. By using Serre Duality we get
Hence for q = 0
We need the following lemma.
Lemma 4.1. Let X be a classical, intermediary or generic Hopf manifold of dimension n ≥ 3, and let L u be a line bundle on X, with b ∈ C * .
and only if,
, where µ j ∈ N, and there exists j 0 ∈ {1, . . . , n}, such that µ j0 ≥ 0, with 
Proof. By Theorem 2.1 we have dim
H 0 (X, Ω n−1 X ⊗ L b ) = dim(ker p 0 ), where p 0 : H 0 (W, Ω n−1 W ) −→ H 0 (W, Ω n−1 W ), p 0 = uId − f * and W = C n \ {0}. Let ω ∈ Γ(W, Ω n−1 W ), then ω = n i=1 g i dz 1 ∧ · · · ∧ dz i ∧ · · · ∧ dz n .
It is follows from
Hartogs extension theorem that each g i can be represented by its Taylor series
First we consider the classical case. In this case µ 1 = · · · = µ n = µ and where µ j ∈ N, and there exists j 0 such that µ j0 ≥ 0 e µ j ≥ 1 ∀j ∈ {1, . . . , n} \ {j 0 }.
Finally, for the intermediary case, we have µ 1 = · · · = µ r = µ, so that
Since µ, µ r+1 , . . . , µ n has no relations, we have dim ( 
and only if,
where there exists j 0 ∈ {1, . . . , n} with d j0 ≥ −1 and 
Proof. From (2) we have dim
Now, the proposition follows from by applying the Lemma 4.1 to b = µ 1 µ 2 . . . µ n a.
In the sequel we prove Theorem 1.2. Let us restate it for reader convenience. 
where g i are homogeneous polynomial of the same degree m + 1, for all 1 ≤ i ≤ n, with {g 1 = · · · = g n = 0} = {0}. (ii) If X is generic, then b ∈ {1, µ 1 , . . . , µ n }. We have the following table (iii) If X is intermediary, then b ∈ {1, µ 1 , µ r+1 , µ r+2 , . . . , µ n }. We have the following table Table 4 . X is generic Table 5 . X is intermediary
On the other hand, we have the isomorphism
where
. . , g n ), where g i ∈ O W satisfying:
It follows from Hartogs extension theorem thats can be represented by its Taylor series
Then for all k = 1, . . . , n, we have
We will consider separately the three cases: classical, generic and intermediary. and so that α j = d j for j = k and α k = d k + 1. Hence for all j = 1, . . . , n we get (4) we deduce that
Since µ, µ r+1 , . . . , µ n are not related we have 
One-codimensional holomorphic foliations
In this section we will classify nonsingular holomorphic distributions and foliations of codimension-one on a classical, generic or intermediary Hopf manifolds.
A codimension-one holomorphic distribution F on X is given by a morphism
We need the following lemma. Lemma 5.1. Let X be a classical, generic or intermediary Hopf manifold of dimension n ≥ 3, and L a be a line bundle on X, with a ∈ C * . The following holds:
where m i ∈ N and there exists j 0 ∈ {1, . . . , n}, such that m j0 ≥ 1. Proof. According to Theorem 2.1 we have
g i dz i , applying Hartogs extension theorem, each g i , 1 ≤ i ≤ n, can be represented by its Taylor series
n and i ∈ {1, . . . , n} so that c i α = 0 or a = µ α1+···+αn+1 .
Therefore, As consequence of above lemma, we obtain the following proposition. 
where g i are homogeneous polynomial of the same degree m − 1, with Table 6 . X is intermediary
Proof. By construction, we have that
. . , g n ), where g i ∈ O W satisfy:
By Hartog's extension theorem,s can be represented by its Taylor series
We have three cases to consider:
The classical case. In this case µ 1 = · · · = µ n = µ. The Proposition 5.2 part (i) implies that
Hence, if c k α = 0 then |α| = m − 1. It follows that each g k it is a homogeneous polynomial of degree m − 1.
Generic case. If X is generic, then by Proposition 5.2 part (ii) we have
where µ j ∈ N, µ j ≥ 0 for all j ∈ {1, . . . , n} and there exists j 0 ∈ {1, . . . , n} such that m j0 ≥ 1. Then from (8) we get
Hence for each k = 1, . . . , n we have
Since F is nonsingular, we get that m j0 = 1 for some j 0 ∈ {1, . . . , n} and m j = 0 for all j ∈ {1, . . . , n} \ {j 0 }. So that we have b −1 = µ j0 , g j0 is a constant and g j = 0 for all j ∈ {1, . . . , n} \ {j 0 }.
Intermediary case. In this case, we have µ 1 = · · · = µ r = µ. Moreover, Proposition 5.2 part (iii), implies that where
Since F is nonsingular, we have the following possibilities:
r . In this case the foliation is induced by a holomorphic 1-form of the type ω = c 1 dz 1 +· · ·+c r dz r , with c j = 0 for some j = 1, . . . , r.
for some j ∈ {r + 1, . . . , n}. In this case, the foliation is induced by a 1-form of the type ω = dz j .
5.1.
Proof of Theorem 1.11. In this part we prove Theorem 1.11. Let us restate it for reader convenience. Proof. In fact, the equation (9) show that every codimension-one distribution on generic Hopf manifold is induced by a monomial 1-form of the type
. . . z mn n , with m j ≥ 0, m j ∈ N for all j ∈ {1, . . . , n} and there is j 0 ∈ {1, . . . , n} such that m j0 ≥ 1. Now, we show that ω ∧ dω = 0. Calculating the differential dω we obtain
Then, we get
Singular foliations on Hopf manifolds
In this section we study singular holomorphic foliations (and distributions) of codimension-one on Hopf manifolds. We prove the following result.
Theorem 6.1. Let X be a Hopf manifold and F be a holomorphic distribution of dimension or codimension one on X with Cod(Sing(F )) ≥ 2. Then (1) if n = 2 then Sing(F ) = ∅, (2) if n ≥ 3 then either Sing(F ) = ∅ or Sing(F ) has at least a positive codimension component.
Proof. Let ξ ∈ H 0 (X, T X ⊗ L) be a section inducing F . Suppose by contradiction that Sing(ξ) = ∅ and that has only isolated points. By Baum-Bott Theorem [2] we have
where µ p (ξ) denotes the Milnor number of ξ at p, and c n the top Chern class. For the one-codimensional case the idea of the proof is the same. In this case we use the Baum-Bott type Theorem due to T. Izawa [12] .
Under these conditions, it is known that if ξ(p) = 0 then 0 < µ p (ξ) < ∞. Thus
On the other hand,
where h p,q = dim H q (X, Ω p ) is the Hodge number. Mall in [14] showed that (12) h 0,0 = h 0,1 = h n,n = h n,n−1 = 1 and h p,q = 0 in all other cases.
Then from (11) and (12) we have that c n (T X) = 0. Furthermore, as X is diffeomorphic to S 2n−1 × S 1 , by Künneth formula we get H 2 (X, Z) = 0.
In particular, the first Chern class c 1 (L) ∈ H 2 (X, Z) vanishes. Then The following result proves the Brunella type alternative for holomorphic foliations on classical Hopf manifolds.
Theorem 6.2. Let F be a codimension-one singular foliation on a classical Hopf manifold of dimension at least three. Then
• either F has an analytic invariant hypersurface,
• or F has one dimensional subfoliation by elliptic curves.
Proof. Let ω be a 1-form on C n − 0 inducing F . Applying Theorem 1.2, we get ω = g 1 dz 1 + · · · + g n dz n , where g i are homogeneous polynomial of the same degree k for all 1 ≤ i ≤ n. Let π : X → P n−1 as in Remark 1.5. We have two possibilities:
(i) either F is transversal to a generic fiber of π, (ii) or F is tangent to fibration π.
In the first case, the contraction f := i R ω = n i=1 z i g i , of the ω by radial vector field
, is a not identically zero analytic function on X. We will show that the analytic hypersurface {f = 0} is invariant by F . In fact, the integrability condition, ω ∧ dω = 0, implies that (13) i R ω ∧ dω + ω ∧ i R dω = 0
Taking the exterior product with ω we get (14) ω ∧ i R dω + ω ∧ d(i R w) = (k + 1)ω ∧ ω = 0.
It is follows from (13) and (14) that
Thus {f = 0} is invariant by F . Now, if (ii) is true, then the foliation defined by the fibration π is a subfoliation of the F by elliptic curves.
